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Abstract 
 
 
A laminated beam with constrained damping layers is analyzed. The normal strain 
in the longitudinal direction and shear strain in the viscoelastic layer is considered. 
Hamilton’s principle is used to derive equations of motion and boundary conditions. A 
6th order equation is used to describe the portion of the beam covered with a constrained 
damping layer and a 4th  order equation is used to describe the remainder of the beam.  
The characteristic equations are solved numerically with a gradient-based optimization 
method in order to determine normalized loss factor values. The loss parameter 
(normalized loss factor) is shown to be a function of the shear parameter (gN), the 
geometric parameter (YN), the normalized coverage length (x/L), coefficients B1, B2, B3  
and the core loss factor (η2).  It is shown that, in many cases, a beam with partial 
coverage has more damping effect than fully covered beam.  Optimal shear parameter 
and coverage length values are determined for a variety of configurations.  Results 
demonstrate the optimal values for the shear parameter and coverage length in order to 
obtain the highest damping levels.  Plots are derived in order to determine the optimal 
coverage length for any shear parameter value for maximum loss factor. 
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Nomenclature 
 
 
Ai   area of cross-section of constrained and base layer 
Bi   coefficients 
c     distance between face layers  c = h1 + 2h2 + h3 
D    combined flexural rigidity for Mead-Markus model 
D*    combined flexural rigidity for Tang-Lumsdaine model 
Ei    Young’s modulus of constrained and base layer  
g    shear parameter 
G2  real part of the core complex shear modulus, )1( 22
*
2 ηjGG +=  
ih   half-thickness of constrained and damping layer 
Ii  area moment of inertia of constrained, damping and base layer about its 
own midline 
i    index 
j     1−   
k*   complex characteristic value         
L   length of base layer      
m   mass per unit length of beam 
t   time 
 xi
T   kinetic energy      
u   shear strain measure 
ui    axial displacement of central line of constrained, damping and base layer 
V   potential energy   
w  vertical deflection   
Y*   geometric parameter 
2γ    shear strain in core 
2η    core loss factor 
η     loss parameter 
η  system loss factor 
*Ω  complex natural frequency  
Ω  resonant frequency 
Ω   frequency parameter
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Chapter 1 Introduction 
 
 
1.1 Motivation 
 
Reducing vibration levels in structures and mechanical systems is a common 
design objective. Vibration can cause damage to structures. It can shorten equipment life, 
and cause premature or completely unanticipated failure through material fatigue. 
Additionally, noise is produced by vibration. Long term exposure to noise could be 
harmful to hearing. Vibration can make people feel discomfort, and cause vascular 
damage. There are a number of methods to reduce vibration. Vibration absorbers, 
isolation, air damping, magnetic hysteresis, particle damping, fluid viscosity and 
piezoelectric damping are few methods. Viscoelastic materials are commonly used as a 
means for vibration and noise control. Viscoelastic laminates are one cost-effective and 
space efficient method to reduce vibration and noise in structural applications.  
A layer of viscoelastic material can be added to a vibrating structure for vibration 
reduction. This is called the unconstrained layer damping method. Mechanical energy is 
dissipated through extensional deformation in the viscoelastic material. In passive 
constrained layer damping (PCLD) the viscoelastic layer is constrained by a stiff elastic 
layer, which produces shear deformation in the viscoelastic layer and generally results in 
higher damping levels. 
The technology of passive damping is used in many applications such as inlet 
guide vanes of jet engines, helicopter cabins, exhaust stacks, satellite structures, 
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equipment panels, antenna structures, truss systems, space stations, yachts, skies, tennis 
rackets, golf clubs, baseball bats, etc. The beam structure is analyzed in this work. 
 
1.2 Literature survey 
 
Kerwin [1] first discussed a three-layer beam with a damping layer sandwiched 
between two elastic layers.  DiTaranto [2] derived a sixth-order differential equation to 
describe the transverse motion of a constrained laminated beam.  Mead and Markus [4] 
developed a sixth order differential equation of motion in terms of transverse 
displacement for arbitrary boundary conditions and developed boundary conditions 
beyond those described by DiTaranto.  Mead and Markus [5] also solved these equations 
for fixed-fixed, free-free, and simply supported beams. Yan and Dowell [7] performed an 
analysis including longitudinal and rotary inertia in all layers and shear strain in the outer 
layers. Soni and Bogner [11] used a commercial finite element code in order to determine 
the damping properties of a constrained layer structure, modeling the damping layers 
with solid elements and the elastic layers with shell elements. Fasana and Marchesiello 
[24] predicted loss factors by means of the Rayleigh–Ritz method. Lee and Kim [20][22] 
performed an analysis including shear strain and normal strain in the viscoelastic layer. 
Hao and Rao [32] performed an vibration and damping analysis of a sandwich beam 
containing a viscoelastic constraining layer. 
The desire to maximize the damping properties of constrained layer structures has 
led to studies in optimization. Lall, Nakra and Asnani [12] performed optimum design for 
simply-supported sandwich panels, maximizing the loss factor with the layer densities, 
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thicknesses, and temperature being among the design variables. An advantage of 
examining the simply supported case is the availability of a closed form solution.  
Lifshitz and Leibowitz [13] did optimal design for maximum viscoelastic damping.  
Lumsdaine and Scott [19] minimized the peak displacement in beams and plates by 
optimizing the heights of the constrained damping layers. Alvelid and Enelund [31] 
performed finite element analysis using an element which is based on a series expansion 
of the displacement field in the thickness direction. Mead [41] performed analysis for 
symmetric boundary conditions. Backstrom and Nilsson [40] analyzed vibration of 
sandwich beams using frequency-dependent parameters. 
The above optimization studies assumed a fully covered sandwich structure. To 
minimize mass and achieve a better damping effect, a partially covered sandwich beam 
has also been studied by many investigators.  Markus [8] derived an expression for the 
loss factor of beams with partial coverage.  He examined only simply supported beams 
partially covered in the central portion. Nokes and Nelson[3] did a theoretical and 
experimental study for a symmetrically placed constrained patch for symmetric boundary 
conditions. Plunkett and Lee [6] considered the same problem to optimize the length of 
the damping layer.  Lall, Asani and Nakara [14] studied partially covered sandwich 
beams using three methods – two numerical methods (developed by Markus [8], and the 
other using a Rayleigh-Ritz formulation) and one exact method [5].  This analysis was 
also performed for a simply supported beam.  Mantena, Gibson and Hwang [15] 
determined the loss factor of partially covered cantilever beams using finite element 
modeling, calculating the loss factor with the modal strain energy method.  These results 
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were confirmed experimentally.  They showed that a partially covered beam could have a 
higher loss factor than a fully covered beam. Chen and Levy [16][17] analyzed a partially 
covered double sandwich cantilever beam (with constrained damping layers on both sides 
of the beam). Kung and Singh [21] performed an analysis using the energy method for 
the harmonic vibration response of a beam with multiple PCLD (passive constrained 
layer damping) patches. Austin and Inman [23] showed that the use of Mead and Markus’ 
model had some limitations.  They showed that the beam should be thin and the length of 
the constraining layer cannot be too short. Ro and Baz [27] optimized the placement of an 
active constrained damping patch (with a piezoelectric actuator as the constraining layer) 
for minimum weight, modeling the structure with finite elements and using the modal 
strain energy method to compute the loss factor. Zheng, Tan and Cai [28][36] performed 
damping analysis of beams covered with multiple PCLD patches. Boutyour, Daya and 
Azrar [38] used Galerkin’s method to deal with the nonlinear vibration of viscoelastic 
shell structures. Zhang, Pau and Wang [37] performed optimization with different 
algorithms. Hao, Rao and Schabus [30] performed optimum design of multiple-
constraint-layered systems for vibration control. Cai, Zheng and Liu [29] performed an 
vibration analysis of a beam with PCLD patch. 
To the author’s knowledge, no previous work has developed and solved analytic 
equations of motion for a partially covered cantilever beam for which normal strain in the 
length direction in the viscoelasric layer is considered.  In this work, these equations of 
motion will be developed and solved numerically.  The resulting loss parameter 
(normalized loss factor) is found to be a function of seven non-dimensional parameters – 
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the shear parameter (gN), the geometric parameter (YN), the coefficients B1, B2, B3, the 
core loss factor (η2), and the fraction of damping layer coverage (x/L).  Results show that 
for most beams, the highest level of damping is achieved with less than full coverage of 
the constraining layer (x/L < 1).  The optimal length of the constraining layer is 
determined for different values of the shear parameter, the loss parameter, and the core 
loss factor.  These results are graphed for easy use in designing a layer with optimal 
damping. 
 
1.3 Problem statement 
 
 
The present work is to develop new models to improve the Mead-Markus model. 
First, this is done by using a constraining layer that only partially covers the base beam. 
Second, this is done by including the longitudinal normal stress in the damping layer, 
which is neglected by Mead-Markus. Chapter 2 details the formulations of the Mead-
Markus model for fully and partially covered beams and the Tang-Lumsdaine model for 
fully and partially covered beams with different boundary conditions. Chapter 3 gives 
some validations between previously published results, finite element analysis and the 
present work for fully and partially covered beams with different boundary conditions. 
Chapter 4 presents results for Mead-Markus model for fully and partially covered beams 
and Tang-Lumsdaine model for fully covered beams with different boundary conditions. 
Chapter 5 presents plots which are used to find the optimal covered length of the 
constraining layer. Chapter 6 summarizes the present work and gives ideas for future 
work. 
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Chapter 2 Formulation 
 
 
This chapter shows Mead-Markus and Tang-Lumsdaine models for fully and 
partially covered beams. Hamilton’s principle is used to derive equations of motion and 
boundary conditions. The equation of motion is solved by two optimization methods. 
 
2.1 Mead-Markus model for fully covered beam 
 
2.1.1 Derivation 
 
 
This section is to show equation of motion and boundary conditions are derived 
by using the energy method. (Mead-Markus [3] used the force equilibrium method.) A 
laminated beam consists of a constrained layer, damping layer and base layer as shown in 
Figure 2.1.  This has been shown to produce higher damping levels than when the 
constraining layer is left free [15].  The constraining layer and base layer are purely 
elastic, with Young’s moduli of 1E  and 3E  respectively.  The damping layer is 
viscoelastic with a complex shear modulus )1( 22
*
2 ηjGG += . 
The following assumptions are made in the analysis: (1) the beam deflection is 
small and uniform across any section; (2) there is no slipping between the elastic and 
viscoelastic layers at their interfaces; (3) the elastic layers displace laterally the same 
amount; (4) the longitudinal and rotary inertial effects of the beam are negligible; (5) 
shear strains in the elastic layers are negligible; (6) longitudinal direct stresses in the 
damping layer are negligible. 
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Figure 2.1 Fully Covered Laminated Beam 
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Hamilton’s principle is used to derive the equations of motion and boundary 
conditions. The internal work, kinetic energy and potential energy can be expressed as 
follows: 
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                   dx
x
uAE
x
uAEVV extension ∫ ⎥⎥⎦
⎤
⎢⎢⎣
⎡ ⎟⎠
⎞⎜⎝
⎛
∂
∂+⎟⎠
⎞⎜⎝
⎛
∂
∂=+
2
3
33
2
1
1131 2
1)(                  (2.1.6) 
                  dxAGV shearing ∫= 222*22 21)( γ                                                  (2.1.7) 
where w is the vertical deflections of the beam. 1u  and 3u  are the axial 
displacements of the mid-plane of the elastic layers, while 2γ  is the shear strain in the 
damping layer. 3311 IEIED +=  is the combined flexural rigidity of the elastic layers. It 
can be shown in Figure 2.2 that 1u , 3u  and xw ∂∂ /  are related through: 
                        2231 2 γhx
wcuu −∂
∂=−                                                   (2.1.8) 
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Figure 2.2 Deformed Shape of Beam  
 
From the force equilibrium, we can obtain:  
                   0333111 =∂
∂+∂
∂
x
u
AE
x
uAE                                                   (2.1.9) 
The terms xu ∂∂ /1  and xu ∂∂ /3  can be solved from Equations (2.1.8) and (2.1.9) 
and substituted into equation (2.1.6). A variable cLhu /2 22 γ=  may then be defined. The 
energy terms can be expressed as: 
         xd
t
w
D
mL
L
DT
24
32
1 ⎟⎠
⎞⎜⎝
⎛
∂
∂= ∫                                                           (2.1.10) 
                     xdYug
x
u
x
wY
x
w
L
DV ∫ ⎥⎥⎦
⎤
⎢⎢⎣
⎡
+⎟⎟⎠
⎞
⎜⎜⎝
⎛
∂
∂−
∂
∂+⎟⎟⎠
⎞
⎜⎜⎝
⎛
∂
∂= 2*
2
2
22
2
2
32
1                  (2.1.11) 
where x , *g  and Y are defined as: 
          Lxx /=   
)1(
4
)(
2
3311
2
2
3311
2
2
*
2* ηjg
AEAEh
AEAELAGg +=+=         (g = shear parameter)                      (2.1.12) 
        
)( 3311
3311
2
AEAED
AEAEcY +=           (Y = geometric parameter)                        (2.1.13) 
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Two equations of motion may be obtained by using Hamilton’s principle: 
0)1( 3
3
4
4
2
24
=
∂
∂−
∂
∂++∂
∂
x
uY
x
wY
t
w
D
mL                                                             (2.1.14) 
0)( 2
*
3
3
=
∂
∂−+
∂
∂ u
x
YYg
x
wY                                                                          (2.1.15) 
Eqs. (2.1.14) and (2.1.15) may be combined into one equation in terms of w  only. 
0)1( *2
2
2
24
4
4
*
6
6
=⎥⎥⎦
⎤
⎢⎢⎣
⎡
⎟⎟⎠
⎞
⎜⎜⎝
⎛ −
∂
∂
∂
∂−
∂
∂++
∂
∂− wg
xtD
mL
x
Yg
x
                       (2.1.16) 
The boundary conditions are as follows:   
          ( ) 01 22
2
=+⎟⎟⎠
⎞
⎜⎜⎝
⎛
∂
∂−
∂
∂+−
D
ML
x
uY
x
wY      or     0=∂
∂
x
w
                                     (2.1.17) 
           ( ) 01 32
2
3
3
=−⎟⎟⎠
⎞
⎜⎜⎝
⎛
∂
∂−
∂
∂+
D
SL
x
uY
x
wY        or       0=w                                      (2.1.18)                 
     02
2
=∂
∂−
∂
∂=
x
uY
x
wYN                 or        u = 0                                          (2.1.19)         
Eqs. (2.1.17) to (2.1.18) may be expressed in terms of w only.   
         ( ) 01 22
24
2
2
4
4
=−⎥⎦
⎤⎢⎣
⎡
∂
∂−
∂
∂++
∂
∂
D
MgL
t
w
D
mL
x
wgY
x
w                                                 (2.1.20) 
          ( ) 01 3
2
34
3
3
5
5
=−⎥⎦
⎤⎢⎣
⎡
∂∂
∂−
∂
∂++
∂
∂
D
SgL
xt
w
D
mL
x
wgY
x
w                                               (2.1.21) 
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2.1.2 Solution 
 
Displacements w may be expressed as: 
              tjxk eAew
** Ω=                                                             (2.1.22) 
where *Ω  and *k  are complex natural frequency and characteristic values to be 
determined.  Substituting equation (2.1.22) into Equations (2.1.16) yields:  
                    ( ) ( ) 01 2*2*44*6* =−Ω−+− gk
D
mLgkYk                                  (2.1.23) 
where the complex frequency factor *Ω , frequency Ω  and loss factor η  are 
related by[2]: 
                   )1(22* ηj+Ω=Ω                                                  (2.1.24) 
Equation (2.1.23) is a cubic equation in 
2*k , so the roots can be expressed in the 
simpler form *1ik± , *2ik± , *3ik± . Then Equation (2.1.22) can be expressed as 
 tjxikxikxikxikxikxik eeAeAeAeAeAeAw
**
3
*
3
*
2
*
2
*
1
*
1 )( 654321
Ω−−− +++++=             (2.1.25) 
where A1,…., A6 are constants to be determined from boundary equations in 
Equations (2.1.19), (2.1.20), (2.1.21) and Table 2.1. The equations so formed can be 
expressed in matrix form [x](A)=0. For a non-trivial solution, the determinant of [x] 
should be zero. The real part and imaginary part of complex frequency factor *Ω are the 
variables to be determined for this problem.  
This problem is solved using a gradient-based optimization program. The 
objective function is the absolute value of the determinant, which is to be minimized.   
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Table 2.1 Possible boundary conditions 
End arrangements                                  Boundary conditions 
Free-unrestrained               
0=IIw             
02*
4
=Ω− w
D
mLwIV                                             
( ) 01 2*4* =Ω−+− IIIIV w
D
mLwgYw  
Free-riveted                         
0=IIIw         
02*
4
=Ω− IV w
D
mLw                                               
0)1( 2*
4
* =Ω−+− w
D
mLwgYw IIIV           
Pinned-unrestrained             
0=w   
0=IIw            
0=IVw  
Pinned-riveted                      
0=w   
0)1( * =+− IIIV wgYw                                          
0)1( 2*
4
* =Ω−+− IIIIV w
D
mLwgYw  
Fixed-unrestrained          
0=w   
0=Iw           
0* =− IIIV wYgw  
Sliding-unrestrained             
0=Iw         
02*
4
* =Ω−− w
D
mLwYgw IIIV                                  
0)1( * =+− IIIV wgYw      
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The problem is solved using a commercial optimization subroutine.  The 
subroutine uses a quasi-Newton method from the IMSL commercial software package. 
Initially, a genetic algorithm was used.  The advantage of using the genetic algorithm is 
that there is no need for a gradient calculation. However, the gradient-based method was 
found to be much less computationally intensive because of the local convexity of this 
problem. For very small values of g or very large values of g, the genetic algorithm is 
used to obtain loss parameters. Additionally, the genetic algorithm searches for the 
globally optimal solution, so the setting of a searching interval is critical, and has 
sometimes led to problems in converging.   
 
2.2 Mead-Markus model for partially covered beam 
 
2.2.1 Derivation 
 
 
Mead-Markus [5] and Lall, Asani and Nakara [14] solved problems using the 
Mead-Markus model for a partially covered beam. They did not derive equations of 
motion and boundary conditions. This section is to show the derivation. The constraining 
layer partially covers the base layer as shown in Figure 2.3 (where x in this case refers to 
the coverage length of the constraining layer). The assumptions are the same as section 
2.1.1. The beam is separated into two regions as shown in Figure 2.4. The displacement, 
stress and strains for the covered region are the same as in section 2.1.1. The external 
work, kinetic energy and potential energy for the covered region can be expressed as in 
equations (2.1.3) to (2.1.7). 
 
The displacement, stress and strains for uncovered region are as follows: 
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Figure 2.3 Partially Covered Laminated Beam 
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Figure 2.4 Internal Loading of Each Part of Beam 
   
 
x
w
zu ux ∂
∂−=                       uz wu =  
          2
2
x
wz
x
x
w
z
x
u u
u
x
x ∂
∂−=∂
⎟⎠
⎞⎜⎝
⎛
∂
∂−∂
=∂
∂=ε                  0=∂
∂=∂
∂=
z
w
z
u uz
zε                    
         0=∂
∂+∂
∂−=∂
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∂=
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w
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w
x
u
z
u uuzxγ  
          ⎟⎟⎠
⎞
⎜⎜⎝
⎛
∂
∂−== 2
2
33 x
w
zEE uxx σσ         03 == zz E σσ        03 == γτ G                   (2.2.1) 
The external work, kinetic energy and potential energy for uncovered region can 
be expressed as follows:  
     u
u Sw
x
w
MW +∂
∂−=     dx
t
w
mT u
2
32
1 ⎟⎠
⎞⎜⎝
⎛
∂
∂= ∫     dxxwIEV u∫ ⎟⎟⎠
⎞
⎜⎜⎝
⎛
∂
∂=
2
2
2
332
1              (2.2.2) 
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where wu is the vertical deflection of the beam for the uncovered region. The 
energy terms for covered region can be expressed as: 
                  xd
t
w
D
mL
L
DT
24
32
1 ⎟⎠
⎞⎜⎝
⎛
∂
∂= ∫                                                    (2.2.3) 
          xdgYu
x
u
x
wY
x
w
L
DV ∫ ⎥⎥⎦
⎤
⎢⎢⎣
⎡
+⎟⎟⎠
⎞
⎜⎜⎝
⎛
∂
∂−
∂
∂+⎟⎟⎠
⎞
⎜⎜⎝
⎛
∂
∂= 2
2
2
22
2
2
32
1                                (2.2.4) 
The energy terms for uncovered region can be expressed as: 
          xd
t
w
D
Lm
L
DT u
24
3
32
1 ⎟⎠
⎞⎜⎝
⎛
∂
∂= ∫ xd
x
w
D
IE
L
DV u∫ ⎟⎟⎠
⎞
⎜⎜⎝
⎛
∂
∂=
2
2
2
33
32
1                 (2.2.5) 
where g and Y are defined as in section 2.1.1 in equations (2.1.12) and (2.1.13). 
Equations of motion may be obtained by using Hamilton’s principle: 
                  ( ) 01 3
3
4
4
2
24
=
∂
∂−
∂
∂++∂
∂
x
uY
x
wY
t
w
D
mL                                               (2.2.6) 
                    02
2
3
3
=+
∂
∂−
∂
∂ Ygu
x
uY
x
wY                                                  (2.2.7)  
                        04
4
332
2
4
3 =∂
∂+∂
∂
x
wIE
t
wLm uu                                                    (2.2.8) 
Equations (2.2.6) and (2.2.7) may be combined into one equation in terms of w 
only. 
               ( ) 01 2
2
2
24
4
4
6
6
=⎟⎟⎠
⎞
⎜⎜⎝
⎛ −
∂
∂
∂
∂+
∂
∂+−
∂
∂ wg
xtD
mL
x
wgY
x
w                               (2.2.9) 
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The boundary conditions for the covered region are as follows:   
( ) 01 22
2
=+⎟⎟⎠
⎞
⎜⎜⎝
⎛
∂
∂−
∂
∂+−
D
ML
x
uY
x
wY      or     0=∂
∂
x
w
                                               (2.2.10) 
( ) 01 *
3
2
2
3
3
=−⎟⎟⎠
⎞
⎜⎜⎝
⎛
∂
∂−
∂
∂+
D
SL
x
uY
x
wY        or       0=w                                                 (2.2.11)            
02
2
=∂
∂−
∂
∂=
x
uY
x
wYN                     or        u = 0                                                       (2.2.12)         
The boundary conditions for the uncovered region are as follows:   
     0
2
2
2
33 =−
∂
∂−
D
ML
x
w
D
IE u        or         0=∂
∂
x
wu                                                   (2.2.13) 
     0
3
3
3
33 =+
∂
∂
D
SL
x
w
D
IE u        or          0=uw                                                        (2.2.14)                  
Equations (2.2.10) to (2.2.11) may be expressed in terms of w only.   
( ) 01 22
24
2
2
4
4
=−⎥⎦
⎤⎢⎣
⎡
∂
∂−
∂
∂++
∂
∂−
D
MYgL
t
w
D
mL
x
wgY
x
w                                                     (2.2.15) 
( ) 01 3
2
34
3
3
5
5
=−⎥⎦
⎤⎢⎣
⎡
∂∂
∂−
∂
∂++
∂
∂−
D
SgL
xt
w
D
mL
x
wgY
x
w                                                      (2.2.16) 
02
24
2
2
4
4
=∂
∂+
∂
∂−
∂
∂=
t
w
D
mL
x
wYg
x
wN N                                                                         (2.2.17) 
Equations (2.2.13) and (2.2.15) may be reduced to one equation 
( ) 01 2
2
2
33
2
24
2
2
4
4
2 =∂
∂−⎥⎦
⎤⎢⎣
⎡
∂
∂−
∂
∂++
∂
∂−
x
w
L
IE
t
w
D
mL
x
wgY
x
w
gL
D u                                        (2.2.18) 
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and Equations (2.2.14) and (2.2.16) may be reduced to one equation 
( ) 01 3
3
3
33
2
34
3
3
5
5
3 =∂
∂−⎥⎦
⎤⎢⎣
⎡
∂∂
∂−
∂
∂++
∂
∂−
x
w
L
IE
xt
w
D
mL
x
wgY
x
w
gL
D u
N                                   (2.2.19) 
Two more boundary equations are necessary.  At the conjunction, geometry 
continuity should be met. The displacement and slope should be the same at the interface. 
Thus, the two additional boundary equations may be written as: 
        
L
xxu
L
xx
ww == =               
L
xx
u
L
xx x
w
x
w
== ∂
∂=∂
∂                                 (2.2.20) 
 
2.2.2 Solution 
 
Displacements w and wu may be expressed as: 
               tjxk eAew
** Ω=         tjxku eBew ** Ω=                                     (2.2.21) 
where *Ω  and *k  are complex natural frequency and characteristic values to be 
determined.  Substituting equation (2.2.21) into Equations (2.2.8) and (2.2.9) yields:  
 ( ) ( ) 01 2*2**44*6* =−Ω−+− gkDmLgkYk                                                     (2.2.22) 
                      04*33
2*4
3 =−Ω kIELm                                                            (2.2.23) 
where the complex frequency factor *Ω , frequency Ω  and loss factor η  are related 
by[2]: 
                  )1(22* ηj+Ω=Ω                                                  (2.2.24) 
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Equation (2.2.22) is a cubic equation in 
2*k , so the roots can be expressed in the 
simpler form *1ik± , *2ik± , *3ik± . Then Equation (2.2.21) can be expressed as 
 tjxikxikxikxikxikxik eeAeAeAeAeAeAw
**
3
*
3
*
2
*
2
*
1
*
1 )( 654321
Ω−−− +++++=             (2.2.25) 
           tjxikxikxkxku eeBeBeBeBw
*
4444 )( 4321
Ω−− +++=                                 (2.2.26) 
where A1,…., A6, B1…., B4 are constants to be determined from boundary 
equations in Equations (2.2.17),(2.2.18),(2.2.19),(2.2.20) and Table 2.1. The equations so 
formed can be expressed in matrix form [x](A)=0. For a non-trivial solution, the 
determinant of [x] should be zero. The real part and imaginary part of complex frequency 
factor *Ω are the variables to be determined for this problem. This problem is solved 
using the same method as in section 2.1.2. 
 
2.3 Tang-Lumsdaine model for fully covered beam 
 
2.3.1 Derivation 
 
This model is similar to the Mead-Markus model. The assumption (6) in section 
2.1.1 is relaxed. That is, normal stress in the damping layer is included. The damping 
layer is viscoelastic with a complex dynamic modulus )1( 22
*
2 ηjEE += and shear 
modulus )1( 22
*
2 ηjGG += . The displacement, stress and strains are the same in section 
2.1.1. The internal work, kinetic energy and potential energy can be expressed as follows: 
                                            Sw
x
wMW −∂
∂=                                                   (2.3.1) 
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                 dxAGV shearing ∫= 222*22 21)( γ                                                   (2.3.6) 
where w  is the vertical deflection of the beam for the covered region. 1u  and 3u  
are the axial displacements of the mid-plane of the elastic layers, 2u is the axial 
displacements of the mid-plane of the damping layer, while 2γ  is the shear strain in the 
damping layer. It can be shown in Figure 2.5 that 1u , 2u , 3u  and xw ∂∂ /  are related 
through: 
                                  222121 )( γhx
whhuu −∂
∂+=−                                         (2.3.7)                         
                        2231 2 γhx
wcuu −∂
∂=−                                                   (2.3.8) 
From the force equilibrium, we can obtain:  
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Figure 2.5 Deformed Shape of Beam  
 
 
The terms xu ∂∂ /1 , xu ∂∂ /2 and xu ∂∂ /3  can be solved from Equations (2.3.7), 
(2.3.8) and (2.3.9) and substituted into equation (2.3.5). A variable cLhu /2 22 γ=  may 
then be defined. The energy terms for the beam can be expressed as 
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where Ng  and YN are defined as 
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* IEIEIED ++=  is the combined flexural rigidity. 
Applying Hamilton’s principle, equations of motion may be obtained: 
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where B1,  B2 and B3 are non-dimensional variables and are defined as: 
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Equations (2.3.14) and (2.3.15) may be combined into one equation in terms of w 
only. 
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The boundary conditions for the beam are as follows:   
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Equations (2.3.18) to (2.3.20) may be expressed in terms of w only.   
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There are many possible boundary conditions for a laminated beam. They are 
given in Table 2.2. If *2E  is set to zero, the above equations of motion and boundary 
conditions for the covered region can be reduced to the Mead-Markus equations of 
section 2.1.1. 
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where *g , Y and  D are defined as: 
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For *2E  is large, the equation of motion is as follows: 
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2.3.2 Solution 
 
Displacements w may be expressed as in equation (2.1.22). Substituting equation 
(2.1.22) into Equations (2.3.17) yields:  
     ( ) ( ) 02*32**44*16*2231 =−Ω−−− NNNN gYkBDmLkgYBkBBB                    (2.3.31) 
Equation (2.3.31) is a cubic equation in 
2*k , so the roots can be expressed in the simpler 
form *1ik± , *2ik± , *3ik± . Then Equation (2.1.22) can be expressed as 
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where A1,…., A6 are constants to be determined from boundary equations in Equations 
(2.3.21), (2.3.22), (2.3.23) and Table 2.2. Then the equations so formed can be expressed 
in matrix form [x](A)=0. For a non-trivial solution, the determinant of [x] should be zero. 
The real part and imaginary part of complex frequency factor *Ω are the variables to be 
determined for this problem. This problem is solved using the same method as in section 
2.1.2. 
2.4 Tang-Lumsdaine model for partially covered beam 
 
2.4.1 Derivation 
 
 
The constraining layer partially covers the base layer as shown in Figure 2.6. The 
assumptions are stated in section 2.3.1. The beam is separated into two regions as shown 
in Figure 2.7. The displacement, stress and strains for covered region are the same as in 
section 2.1.1. The external work, kinetic energy and potential energy for the covered 
region can be expressed as in equations (2.3.1) to (2.3.6). The displacement, stress and 
strains for the uncovered region are the same as in equations (2.2.1). The external work, 
kinetic energy and potential energy for the uncovered region can be expressed as in 
equations (2.2.2). 
The energy terms for the covered region can be expressed as 
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Table 2.2 Possible boundary conditions 
End arrangements                                  Boundary conditions 
Free-unrestrained               
( ) 02*3*4**22231 =Ω−−− wBDmLwgYBwBBB IIIV    
( ) 02*2*4**12231 =Ω−−− wBDmLwgYBwBBB IIIV    
( ) 02*2*4**12231 =Ω−−− IIIIV wBDmLwgYBwBBB  
Free-riveted                         
( ) 02*2*4**12231 =Ω−−− wBDmLwgYBwBBB IIIV    
( ) 02*2*4**12231 =Ω−−− IIIIV wBDmLwgYBwBBB   
( ) 02*3*4**22231 =Ω−−− IIIIV wBDmLwgYBwBBB  
Pinned-unrestrained             
0=w   
0=IIw            
0=IVw  
Pinned-riveted                      
0=w   ( ) 0**12231 =−− IIIV wgYBwBBB                              
( ) 02*3*4**22231 =Ω−−− IIIIV wBDmLwgYBwBBB
Clamped-unrestrained          
0=w   
0=Iw           ( ) 0**22231 =−− IIIV wgYBwBBB  
Sliding-unrestrained             
0=Iw        
( ) 02*3*4**22231 =Ω−−− wBDmLwgYBwBBB IIIV    ( ) 0**12231 =−− IIIV wgYBwBBB      
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Figure 2.6 Partially Covered Laminated Beam 
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Figure 2.7 Internal Loading of Each Part of Beam 
 
  xd
x
u
Dh
cIE
x
u
x
w
Dh
cIE
x
w
L
DV ∫ ⎥⎥⎦
⎤
⎢⎢⎣
⎡
⎟⎠
⎞⎜⎝
⎛
∂
∂+∂
∂
∂
∂−⎟⎟⎠
⎞
⎜⎜⎝
⎛
∂
∂=
2
*2
2
2
2
*
2
2
2
*
2
2
*
2
2
2
2
3
*
42
2
2
1  
       xd
x
u
hh
c
x
wY
c
hh
AE
AE
x
u
x
wY
L
D
NN∫ ⎪⎭
⎪⎬
⎫
⎪⎩
⎪⎨
⎧
⎥⎦
⎤⎢⎣
⎡
∂
∂
+−∂
∂⎟⎠
⎞⎜⎝
⎛ ++⎟⎟⎠
⎞
⎜⎜⎝
⎛
∂
∂−
∂
∂+
2
32
2
22
32
11
2
*
2
2
2
2
3
*
)(22
1  
         xduYg
x
u
hh
c
x
wY
c
hh
AE
AE
L
D
NNN∫ ⎪⎭
⎪⎬
⎫
⎪⎩
⎪⎨
⎧
+⎥⎦
⎤⎢⎣
⎡
∂
∂
+−∂
∂⎟⎠
⎞⎜⎝
⎛ ++ 2
2
21
2
22
21
33
2
*
2
3
*
)(22
1             (2.4.2) 
The energy terms for uncovered region can be expressed as 
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where Ng  and YN are defined as 
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* IEIEIED ++=  is the combined flexural rigidity. 
Applying Hamilton’s principle, equations of motion may be obtained: 
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where B1,  B2 and B3 are non-dimensional variables and are defined as: 
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Equations (2.4.6) and (2.4.7) may be combined into one equation in terms of w 
only. 
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The boundary conditions for the covered region are as follows:   
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The boundary conditions for the uncovered region are as follows:   
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Eqs. (2.4.10) to (2.4.12) may be expressed in terms of w only.   
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Equations (2.4.13) and (2.4.15) may be reduced to one equation 
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Equations (2.4.14) and (2.4.16) may be reduced to one equation 
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Two more boundary equations are necessary.  At the conjunction, geometry 
continuity should be met. The displacement and slope should be the same at the interface. 
Thus, the two additional boundary equations may be written as: 
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2.4.2 Solution 
 
Displacements w and wu may be expressed as in equations (2.2.21). Substituting 
equation (2.2.21) into equations (2.4.8) and (2.4.9) yields equations (2.3.31) and (2.2.23). 
Then equation (2.2.21) can be expressed as in equations (2.1.25) and (2.2.26). A1,…., A6, 
B1,…., B4 are constants to be determined from boundary equations in equations 
(2.4.17),(2.4.18),(2.4.19),(2.4.20) and Table 2.2. Then the equations so formed can be 
expressed in matrix form [x](A)=0. For a non-trivial solution, the determinant of [x] 
should be zero. The real part and imaginary part of complex frequency factor *Ω are the 
variables to be determined for this problem. This problem is solved using the same 
method as in section 2.1.2. 
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Chapter 3 Validation 
 
 
3.1 Validation for fully covered beam 
 
The model developed in chapter 2 is validated against the model developed by 
Mead and Markus [3]. First, the model described in chapter 2 is used to obtain two kinds 
of results. One does not include normal strain in the viscoelastic layer. ( *2E  is set to zero 
and the model becomes Mead-Markus model.) The other includes normal strain in the 
viscoelastic layer. The results are compared with previously published results for a fully 
covered cantilever beam.  The material properties and dimensions used for this validation 
are listed in Table 3.1.  The results are compared with an exact theory developed by Daya 
and Potier-Ferry [22] and finite element results from Johnson, Kienholz and Rogers 
(JKR) [23] and Macé [24] and Fasana and Marchesiello [7]  and Yang, Chen and Wang 
[26] and Shi, Sol and Hua [27] are shown in Table 3.2. It can be seen that the results are 
virtually identical (within 1 %) for a variety of core loss factors and for higher modes. 
The difference of loss parameters between present theory and Mead-Markus model is 
small. The normal strain in the length direction in the viscoelastic layer is negligible. 
Next, another validation is performed with different dimensions and boundary 
conditions. Mead and Markus [4] developed an exact formulation for a simply-supported 
beam. Many authors also published results using Mead-Markus model for this kind of 
beam. The material properties and dimensions for three different cases used for this 
validation are listed in Table 3.3. The dimensions are specified by Lall, Asani and Nakra 
[14]. The results are compared with Lall, Asani and Nakra [14] and Kung and Singh [18] 
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and Tang and Lumsdaine [21] and Gao and Liaw [23] are shown in Table 3.4. The results 
are the same for Tang (E2 =0) and exact formulation from Mead and Markus [4]. 
Mead and Markus [4] also published results for fully covered fixed-fixed beam. 
The comparison is shown in Table 3.5. The errors are less than 1 %. The gopt is the 
optimal shear parameter for maximal loss factor. 
The previous comparisons were for cases of relatively small shear parameter, 
where Mead-Markus (M-M) assumptions are valid. For large shear parameters, the Tang-
Lumsdaine (T-L) model is still valid when the M-M assumptions are violated as T-L 
includes normal stress in the damping layer. The analytic results are compared with finite 
element results for a cantilever beam. The commercial software ABAQUS is used to for 
the FE analysis. Two-dimensional quadratic plane stress continuum elements CPS8 are 
used. The material properties and dimensions are listed in Table 3.6. The results are 
shown in the Figure 3.1. When the shear parameter is very small (< 10-3), the loss factor 
is mainly dependent on the normal strain in the transverse direction. The loss factor 
increases as the shear parameter decreases. When the shear parameter is small to 
moderate (10-3 to 103), the loss factor is mainly dependent on the shear strain in the 
viscoelastic layer. When the shear parameter is large, the loss factor is mainly dependent 
on the strain in the longitudinal direction. The loss factor increases as the shear parameter 
increases. The results show that the present theory improves Mead-Markus model for the 
shear parameter above 103. The present case is for Y = 1. The error between FEM result 
and present result for shear parameter above 10-3 is less than 0.05 %. The effect of normal 
stress in the transverse direction is small. 
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Table 3.1 Dimensions and Material Properties for Validation Study 
Elastic layers   
Young’s modulus    210 /109.6 mNE ×=   
Density                    3/2800 mkg=ρ                    * 3/2766 mkg=ρ  
Thickness                mmhh 76.031 ==             * mmhh 762.031 ==     
   
Viscoelastic layer   
Young’s modulus    26 /10794.1 mNE ×=   
Poisson’s ratio         0.3ν =   
Density                    3/3.968 mkg=ρ                    * 3/1.968 mkg=ρ    
Thickness                mmh 0635.02 =   
Core loss factor       η2 =0.1,0.2,0.3,0.6,1.0,1.5  
   
Whole beam   
Length                     L = 177.8mm  
Width                      mmw 7.12=   
 g = 3.27526315789 g = 3.266667 
 Y = 3.52225891620 Y = 3.520833 
*   used by [22] and [26] 
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Table 3.2 Natural Frequency and Loss Parameter Values 
Mode 1 Mode 2 Mode 3 Core 
loss 
factor 
Analysis ω  η  ω  η  ω  η  
a 64.075 2.815 296.41 2.424 743.7 1.54 
b 64.2 2.817 297.0 2.425 747.2 1.534 
c 60.9 2.646 288.8 2.173 732.9 1.328 
d 63.35 2.86 292.1 2.43 732.8 1.54 
e 63.61 2.81 294.20 2.43 738.02 1.54 
f 63.60684803 2.81320463 294.22157311 2.42665434 738.08239635 1.54428170 
g 63.60682827 2.81320107 294.22166560 2.42665500 738.08259626 1.54428613 
h 64.1 2.82 296.4 2.42 743.7 1.54 
i 64.1 2.81 296.8 2.42 745.8 1.53 
j 64.128977769 2.81494681 296.66906478 2.42391829 744.33228861 1.54107592 
0.1 
k 64.128957880 2.81494326 296.66915802 2.42391895 744.33248980 1.54108034 
a 64.21 5.56 296.64 4.83 743.85 3.08 
b 64.4 5.564 297.6 4.832 748.0 3.066 
c 61.2 5.292 289.0 4.346 733.4 2.656 
d - - - - - - 
e 63.74 5.56 294.43 4.83 738.18 3.09 
f 63.740409714 5.55604819 294.44651970 4.83441363 738.23617285 3.08603421 
0.2 
g 63.740389872 5.55604110 294.44661321 4.83441486 738.23637337 3.08604306 
a 64.43 8.169 297.01 7.197 744.1 4.614 
b 64.7 8.175 298.0 7.203 748.2 4.593 
c 61.5 7.938 289.8 6.519 734.0 3.984 
d - - - - - - 
e 63.957 8.165 294.796 7.204 738.432 4.622 
f 63.956655797 8.16494237 294.81564593 7.20542686 738.49160556 4.62277278 
g 63.956635813 8.16493181 294.81574113 7.20542852 738.49180713 4.62278606 
h 64.4 8.25 297 7.14 744.1 4.62 
j 64.481596806 8.17028689 297.26695281 7.19741090 744.74330311 4.61321175 
0.3 
k 64.481576689 8.17027633 297.26704879 7.19741259 744.74350597 4.61322502 
a 65.48 14.76 298.9 13.938 758.48 9.168 
b 65.5 14.772 301.0 13.956 753.0 9.126 
c 62.7 15.876 292.4 13.038 737.4 7.968 
d - - - - - - 
e 65.005 14.750 296.675 13.949 739.793 9.178 
f 65.004909585 14.75037268 296.69575566 13.95242265 739.85360208 9.17950458 
g 65.004888827 14.75035229 296.69585960 13.95242411 739.85380964 9.17953110 
h 65.5 14.76 298.9 13.92 745.5 9.18 
j 65.538422760 14.76148275 299.15927045 13.93750982 746.11132712 9.16075140 
0.6 
k 65.538401864 14.76146237 299.15937522 13.93751136 746.11153598 9.16077790 
a 67.41 20.22 302.8 21.77 748.6 15.02 
b 67.4 20.19 307.0 21.8 762.0 15 
c 64.3 26.46 296.7 21.72 744.3 13.28 
d - - - - - - 
e 66.913 20.202 300.533 21.72 742.92 15.023 
f 66.913040506 20.20197459 300.55606198 21.78988385 742.98309627 15.05448555 
g 66.913017959 20.20194321 300.55618437 21.78988029 742.98331969 15.05452927 
h 67.4 20.2 302.8 21.8 748.6 15 
j 67.462649232 20.22040121 303.04505851 21.76823553 749.25477562 15.02459514 
1.0 
k 67.462626538 20.22036984 303.04518185 21.76823211 749.25500036 15.02463883 
a 69.88 22.956 308.85 29.625 754.0 21.9 
b 70.0 22.83 315.0 29.28 774.0 21.855 
c 64.4 26.46 303.5 32.58 755.3 19.92 
d 69.13 23.4 304.3 29.6 743.4 21.9 
e 69.366 22.938 306.555 29.651 748.725 21.931 
f 69.365917771 22.93847469 306.58178550 29.65546598 748.79219721 21.93368553 
g 69.365892098 22.93843336 306.58193782 29.65544792 748.79245503 21.93374863 
h 69.9 22.95 308.9 29.55 754 21.9 
j 69.936975991 22.96372749 309.11084247 29.62888166 755.09022417 21.89244522 
1.5 
k 69.936950151 22.96368616 309.11099594 29.62886383 755.09048345 21.89250831 
a   calculated by [27] .  b result from [23].  c result from [24].  d result from [7].  e result from [27].  f  E* is setted to zero.  
g T-L.  h result from [22].  i result from [26].  j E* is setted to zero. k T-L. 
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Table 3.2 (continued) 
Mode 4 Mode 5 Mode 6 Core loss factor 
Analysis ω  η  ω  η  ω     η  
a 1393.9 0.889 2261.09 0.573       -      - 
b 1408.3 0.878 2304.0 0.559       -      - 
c 1381.4 0.742 2246.6 0.463       -      - 
d 1373 0.89      -     -       -      - 
e 1383.06 0.89 2243.21 0.574       -      - 
f 1383.27 0.891 2243.68 0.574 3317.77 0.391 
g 1383.27 0.891 2243.68 0.574 3317.77 0.391 
h 1393.9 0.89 2261.1 0.57 3343.6 0.39 
i      -     -      -     -       -      - 
j 1395.13 0.889 2263.022 0.573 3346.46 0.390 
0.1 
k 1395.13 0.889 2263.022 0.573 3346.46 0.390 
a 1394.0 1.776 2261.15 1.144      -      - 
b 1409.0 1.756 2304.0 1.118      -      - 
c 1381.7 1.484 2246.9 0.926      -      - 
d      -     -      -     -      -      - 
e 1383.14 1.78 2243.27 1.14      -      - 
j 1383.36 1.782 2243.74 1.148 3317.81 0.783 
0.2 
k 1383.36 1.782 2243.74 1.148 3317.81 0.783 
a 1394.0 2.664 2261.24 1.716       -      - 
b 1409.5 2.634 2305.0 1.68       -      - 
c 1382.3 2.226 2247.2 1.389       -      - 
d      -     -      -     -       -      - 
e 1383.283 2.670 2243.357 1.720       -      - 
f 1383.496 2.672 2243.832 1.722 3317.87 1.174 
g 1383.496 2.672 2243.832 1.722 3317.87 1.174 
h 1394 2.67 2261.2 1.71 3343.7 1.171 
j 1395.351 2.665 2263.171 1.717 3346.56 1.171 
0.3 
k 1395.351 2.665 2263.171 1.717 3346.56 1.171 
a 1394.9 5.316 2261.7 3.432       -      - 
b 1414.0 5.256 2310.0 3.36       -      - 
c 1385.2 4.452 2249.7 2.778       -      - 
d      -     -      -     -       -      - 
e 1384.016 5.326 2243.847 3.437       -      - 
f 1384.234 5.329 2244.326 3.439 3318.19 2.346 
g 1384.234 5.329 2244.326 3.439 3318.19 2.346 
h 1394.9 5.34 2261.7 3.42 3344 2.34 
j 1396.092 5.316 2263.667 3.430 3346.89 2.340 
0.6 
k 1396.092 5.316 2263.667 3.430 3346.89 2.340 
a 1396.6 8.81 2262.88 5.7       -      - 
b 1422.0 8.73 2316.0 5.6       -      - 
c 1391.0 7.42 2254.8 4.63       -      - 
d      -     -      -     -       -      - 
e 1385.684 8.828 2244.98 5.714       -      - 
f 1385.912 8.833 2245.468 5.717 3318.93 3.905 
g 1385.912 8.833 2245.468 5.717 3318.94 3.905 
h 1396.6 8.8 2262.9 5.7 3345 3.9 
j 1397.778 8.811 2264.813 5.702 3347.63 3.894 
1.0 
k 1397.778 8.811 2264.813 5.702 3347.63 3.894 
a 1399.7 13.095 2265.0 8.52       -      - 
b 1433.0 13.02 2328.0 8.385       -      - 
c 1400.6 10.86 2263.8 6.945       -      - 
d 1378 13.1       -     -       -      - 
e 1388.773 13.122 2247.120 8.534       -      - 
f 1389.017 13.128 2247.623 8.538 3320.32 5.843 
g 1389.017 13.128 2247.623 8.538 3320.32 5.844 
h 1399.7 13.05 2265 8.55 3346 5.85 
j 1400.895 13.095 2266.98 8.516 3349.02 5.827 
1.5 
k 1400.895 13.095 2266.98 8.516 3349.02 5.827 
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Table 3.3 Dimensions and Material Properties 
                                 Prob.I Prob.II Prob.III 
Elastic layers    
Young’s modulus     E = 207x109N/m2        E = 207x109N/m2        E = 207x109N/m2      
Density                     3/7800 mkg=ρ  3/7800 mkg=ρ  3/7800 mkg=ρ  
Thickness                 h1 = 0.25 mm               h1 = 0.25 mm            h1 = 0.25 mm       
                                 h3 = 2.5 mm                 h3 = 2.5 mm             h3 = 2.5 mm 
Viscoelastic layer    
Shear modulus          G = 2.615x105N/m2     G = 4.0x106N/m2       G = 20.0x106N/m2 
Density                     3/2000 mkg=ρ  3/2000 mkg=ρ  3/2000 mkg=ρ  
Thickness                 h2 = 1.25 mm              h2 = 1.25 mm             h2 = 1.25 mm 
Core loss factor        η2 = 0.38                     η2 = 0.38                    η2 = 0.38 
                                 ν = 0.3   
Whole beam    
Length                      L = 300 mm               L = 242.5 mm              L = 1084.498 mm 
 g = 0.100052174 g = 0.999990338  g = 99.9999616 
Y = 1.2015257469    
 
Table 3.4 Results for fully covered beams 
Prob. I              Mode 1 Mode 2 
                         wn η wn η 
Lall           740.56    0.44790x10-2     2948.29     0.11470x10-2     
Kung                741 0.45x10-2           2948         0.11x10-2            
Gao           740.6      0.45x10-2           2949.0       0.11x10-2           
Yang                741 0.45x10-2           2952          0.11x10-2           
M-M    740.563855 0.44819124x10-2   2949.000636 0.11478019x10-2   
T-L  (E2=0)    740.563855 0.44819124x10-2   2949.000636 0.11478019x10-2   ( )02 ≠E   740.564407 0.44824812x10-2   2949.002837 0.11483695x10-2    
     
Prob. II            Mode 1 Mode 2 
                         wn η wn η 
Lall          1187.93    0.34250x10-1     4573.05    0.10677x10-1    
M-M    1187.96118  0.34261057x10-1  4573.07793   0.1068169x10-1   
T-L    (E2=0)   1187.96118  0.34261057x10-1  4573.07793   0.1068169x10-1   ( )02 ≠E  1187.97489  0.34270494x10-1    4573.13009  0.1069046x10-1      
     
Prob. III           Mode 1 Mode 2 
                         wn η wn η 
Lall           81.73      0.15839x10-1     309.35     0.45758x10-1        
M-M      81.729706 0.15838432x10-1  309.349846 0.4575824x10-1    
T-L    (E2=0)    81.729706 0.15838432x10-1  309.349846 0.4575824x10-1    ( )02 ≠E    81.741171 0.15954311x10-1 309.384689 0.4586658x10-1    
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Table 3.4 (continued) 
Problem I         Mode 3 Mode 4 
                         wn η wn η 
Lall           6629.66    0.51209x10-3    11782.60    0.28850x10-3 
Kung                6630 0.51x10-3                 11783 0.29x10-3 
Gao           6629.7       0.513x10-3       11783.0       0.289x10-3 
Yang                6647 0.51x10-3               - - 
M-M    6629.6711 0.512432026x10-3   11782.6021   0.28869748x10-3 
T-L  (E2=0)      6629.6711   0.512432026x10-3   11782.6021 0.28869748x10-3 ( )02 ≠E  6629.6876    0.512999461x10-3     11782.61    0.28926x10-3 
     
Problem II       Mode 3 Mode 4 
                         wn η wn η 
Lall          10207.19    0.49577x10-2    18093.87    0.28324x10-2 
M-M  10207.2197  0.495974079x10-2   18093.89987  0.28335642x10-2 
T-L  (E2=0)      10207.2197  0.495974079x10-2   18093.8999 0.28335642x10-2 ( )02 ≠E   10207.336 0.496844418x10-2   18094.1063 0.28422537x10-2 
     
Problem III      Mode 3 Mode 4 
                         wn η wn η 
Lall           652.85     0.65921x10-1     1097.01     0.76079x10-1 
M-M      652.854877 0.659212809x10-1   1097.01099 0.71607917x10-1 
T-L    (E2=0)    652.854877 0.659212809x10-1   1097.01099 0.71607917x10-1 ( )02 ≠E      652.912915   0.660148924x10-1   1097.09251 0.71686432x10-1    
 
 
Table 3.5 maximum values of η for different values of core loss factor and Y 
Y = 1 Y = 13 Core 
loss 
factor 
Analysis 
η gopt η gopt 
Mead 0.00168 - 0.0056      - 0.01 T-L   0.00168003 28.82 0.00559317 11.22 
Mead 0.0168 - 0.056      - 0.1 T-L   0.01675956 28.68 0.05583304 11.16 
Mead 0.049 - 0.165      - 0.3 T-L   0.04933245 27.59 0.16519509 10.74 
Mead 0.14 - 0.49      - 1.0 T-L   0.1395534 20.29 0.48703450 7.888 
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Table 3.6 Dimensions and Material Properties for Validation Study 
Elastic layers  
Young’s modulus                       210 /1089.6 mNE ×=  
Density                                           3/2710 mkg=ρ  
Thickness                                       mmh 1.01 =   mmh 5.03 =  
  
Viscoelastic layer  
Poisson’s ratio                             ν = 0.4 
Density                                           3/1000 mkg=ρ  
Thickness                                       mmh 054965.02 =  
Core loss factor                            η2 = 0.7 
  
Whole beam length     L = 150mm 
 
 
 
Figure 3.1 Comparison of Theory with Continuum Finite Elements 
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3.2 Validation for partially covered beam 
 
There are very few sources in the literature that have derived results for partially 
covered beams. Thus, the analytic results obtained from the model developed in chapter 2 
are compared with finite element results. The configuration is shown in Figure 3.2. The 
material properties and dimensions are listed in Table 3.7. The results for different 
thicknesses of the constraining layer are shown in Figures 3.3 to 3.5. The results are 
within 2% for x/L greater than 0.2. For x/L less than 0.2, the error is greater because 
some of the assumptions of the analysis (such as only shearing existing in the 
constraining layer) begin to be violated. This confirms the observations of Austin and 
Inman [20] regarding the limits of the analytic theory for predicting the loss factor in 
constrained damping layers. The constraining layer vibrates independently from the base 
beam at the junction of covered beam and uncovered beam. The difference in loss 
parameter is due to strain in the transverse direction. In each of the Figures 3.3 to 3.5, it is 
seen that the peak damping occurs for a partially covered beam. 
 Tables 3.8 and 3.9 show the comparison with the results from Lall, Asani and 
Nakra [14]. This is a pinned-pinned beam. This shows the loss factor is mainly dependent 
on the shear strain in the viscoelastic layer. The loss factor increases as the length of the 
constraining layer increases. For a longer constraining layer, the constraining layer 
should be placed in the center of the beam in order to obtain more damping. 
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Figure 3.2 Partially Covered Laminated Beam 
 
 
 
      Table 3.7 Dimensions and Material Properties for FE Validation Study 
Elastic layers  
Young’s modulus                       210 /1089.6 mNE ×=  
Density                                                  3/2710 mkg=ρ  
Thickness                                         mmh 5.0,25.0,1.01 =  
                                                            mmh 5.03 =  
Viscoelastic layer  
Young’s modulus                       26 /108.2 mNE ×=  
Poisson’s ratio                            0.4ν =  
Density                                                  3/1000 mkg=ρ  
Thickness                                         mmh 0635.02 =  
Core loss factor                          2 0.7η =  
  
Whole beam length    L = 150mm 
    h1 = 0.1   Y = 1.0487   g = 15.428          
    h1 = 0.25 Y = 2.7347   g =  7.714           
    h1 = 0.5   Y = 3.8104   g =  5.1427         
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Figure 3.3 Comparison of Theory with Continuum Finite Elements, mmh 1.01 =  
 
Figure 3.4 Comparison of Theory with Continuum Finite Elements, mmh 25.01 =  
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Figure 3.5 Comparison of Theory with Continuum Finite Elements, mmh 5.01 =  
 
Table 3.8 Results for Problem I [14] 
Position        L1/L              L2/L      L1/L             L2/L      L1/L               L2/L 
                       0                   0.2        0                   0.4       0                    0.6 
                      wn                   η       wn                   η       wn                   η 
Lall          811.052    0.61433x10-5    789.194    0.16660x10-3    759.374   0.92948x10-3 
Kung        811 0.63x10-5          788 0.17x10-3         759 0.95x10-3       
Gao          811 0.638x10-5        788 0.174x10-3        759 0.950x10-3    
Tang        810.932    0.63096x10-5    788.449    0.17322x10-3    758.735   0.94653x10-3 
Present     810.933    0.6359x10-5      788.449    0.1735x10-3      758.736   0.94711x10-3     
 
                      L1/L               L2/L      L1/L               L2/L      L1/L                L2/L 
               0.2                 0.4     0.15                0.55       0.1                  0.7 
Lall          792.963    0.39799x10-4    767.663   0.36266x10-3    748.437   0.12430x10-2       
Gao          792 0.412x10-4        767 0.372x10-4        748 0.130x10-4    
Tang        792.478    0.40879x10-4    766.884    0.36997x10-3    748.108   0.12516x10-2        
Present     792.478    0.41127x10-4    766.885    0.37049x10-3    748.109   0.12523x10-2        
 
                      L1/L              L2/L      L1/L               L2/L      L1/L               L2/L 
                       0.4                0.6      0.3                  0.7       0.2                 0.8 
Lall          782.209    0.60001x10-4    767.663   0.36266x10-3    744.300   0.13612x10-2        
Gao          782 0.611x10-4        758 0.456x10-4        744 0.140x10-4 
Tang        781.804    0.60711x10-4    757.660    0.45312x10-3    744.177   0.13644x10-2        
Present     781.805    0.61074x10-4    757.660    0.45374x10-3    744.178   0.13651x10-2        
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Table 3.9 Results for Problem III [14] 
  Lall Tang present 
L1/L  L2/L  wn η wn η wn η 
0        0.2 62.449    0.21851x10-2    62.348   0.19123x10-2     62.348  0.19151x10-2   
0        0.4 64.232    0.11690x10-1    63.960   0.11617x10-1     63.962  0.11636x10-1   
0        0.6 69.706    0.23385x10-1    69.583   0.22449x10-1     69.588  0.22505x10-1   
        
0.2     0.4 62.943    0.13827x10-1    62.514   0.12026x10-1     62.515  0.12041x10-1   
0.15   0.55 66.864    0.23183x10-1    66.586   0.23932x10-1     66.59    0.23974x10-1   
0.1     0.7 73.202    0.29530x10-1    72.966   0.28101x10-1     72.971  0.28224x10-1   
        
0.4     0.6 63.240    0.22363x10-1    62.636   0.18505x10-1     62.638  0.18529x10-1   
0.3     0.7 68.580    0.31562x10-1   67.994   0.30834x10-1     67.999  0.3089x10-1     
0.2     0.8 74.739    0.33470x10-1    74.468   0.30793x10-1     74.476  0.30881x10-1   
 
 
The present chapter demonstrated results between Mead-Markus model and Tang-
Lumsdaine model for different boundary conditions. The results compared with exact 
formulation developed by Mead-Markus for pinned-pinned beam are accurate. 
Comparison between Tang-Lumsdaine model and finite element results shows that the 
assumptions in chapter 2 are reasonable. The FE validation was the only result that 
demonstrated the accuracy of the normal stress assumption. 
 
 
 
 
 
 
 
 44
Chapter 4  Results 
 
 
This chapter demonstrates results for Mead-Markus model for fully and partially 
covered beams and Tang-Lumsdaine model for fully and partially covered beams with 
different boundary conditions. Section 4.1 is a repeat of Rao [33].  
 
4.1 Results for Mead-Markus model for fully covered beam 
 
 
Loss parameters with fixed-free, fixed-fixed, fixed-pinned, free-free, and pinned-
pinned boundary conditions are shown in Figures 4.1-4.5, respectively. The material 
properties and dimensions are shown in Table 4.1. Figure 4.6 shows the shear modulus of 
3M-ISD-110 []. The loss parameter and the frequency parameter can be defined by: 
                                   
factorlosscore
beamsandwichoffactorloss==
2η
ηη  
                       
beamEulerreferenceoffrequencyresonant
beamsandwichoffrequencyresonant=Ω
Ω=Ω
0
 
It is shown that the loss parameter increases as Y increases. The loss parameter 
increases as the shear parameter increases (that is, shear strain in the viscoelastic layer 
increases), reaches a maximum, and then decreases again. It is also shown in Figure 4.7 
that the loss parameter varies with different core loss factors. As the value of loss factor 
increases, loss parameter decreases. As the core loss factor increases, the shear strain in 
the viscoelastic layer decreases, and the loss parameter decreases accordingly. The mass  
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Figure 4.1 loss parameter of Fixed-free beam, η2 = 0.3 
 
 
Figure 4.2 loss parameter of Fixed-fixed beam, η2 = 0.3 
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Figure 4.3 Loss parameter of Fixed-pinned beam, η2 = 0.3 
 
 
 
Figure 4.4 Loss parameter of Free-free beam, η2 = 0.3 
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Figure 4.5 Loss parameter of pinned-pinned beam, η2 = 0.3 
 
Figure 4.6 Plot of modulus for 3M-ISD-110 viscoelastic adhesive 
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Figure 4.7 Loss parameter of fixed-free beam, Y = 1 
 
 
Table 4.1 Dimensions and Material Properties 
Elastic layers  
Young’s modulus                       211
31 /1089.6 mNEE ×==  
Density                                                   3/2766 mkg=ρ  
Thickness                                         mmh 1.01 =  
                                                            mmh 5.03 =  
Viscoelastic layer  
Poisson’s ratio                            v = 0.3 
Density                                                   3/1.968 mkg=ρ  
Core loss factor                          3.02 =η   
  
Whole beam length L = 300mm 
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of the structure only affects the frequency parameter. It does not affect the loss parameter. 
For a certain value of shear parameter, the maximum loss parameter could be obtained.  
 
4.2 Results for Mead-Markus model for partially covered beam 
 
4.2.1 Fixed-pinned beam 
 
 
A fixed-pinned beam is used to demonstrate that a partially covered beam (Figure 
4.8) can have a loss parameter larger than a fully covered beam. The result is shown in 
Figure 4.9. When the shear parameter is small, a fully covered beam produces a larger 
loss parameter. As the shear parameter increases, a partially covered beam produces loss 
parameters larger than a fully covered beam. The loss parameter is plotted versus x/L and 
the shear parameter in Figure 4.10. It can be noted that the optimal loss parameter occurs 
for an x/L less than one (that is, maximum damping is always achieved with a partial 
constraining layer). Figure 4.11 is the contour plot of Figure 4.10. The curve shows the 
optimal x/L for different shear parameter values.  
A laminated fixed-pinned beam consists of a constrained layer, damping layer and 
base layer as shown in Figure 4.12. Different tape length is calculated with different 
geometric parameter (Y) and shear parameter (g). With a fixed geometry parameter, shear 
parameter and core loss factor, it is shown that longer tapes should be placed at the fixed 
end of the beam and shorter tapes should be placed according to the location indicated in 
Figures 4.13 and 4.14. The x means L2-L1. With fixed tape length it is also shown that  
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Figure 4.8 Partially Covered Laminated fixed-pinned Beam 
 
 
 
 
 
Figure 4.9 Loss parameter with different x/L.  
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Figure 4.10 Loss Parameter Surface Plot for Y =1 
 
 
Figure 4.11 Loss Parameter Contour Plot for Figure 20 
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Figure 4.12 Partially Covered fixed-pinned Laminated Beam 
 
 
 
 
Figure 4.13 loss parameters for Y = 1,g = 1333.3, η = 0.1 
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Figure 4.14 loss parameters for Y = 3, g  = 1333.3, η2 = 0.1 
 
with a large shear parameter the constraining layer should be placed at the fixed end of 
the beam (Figures 4.15 and 4.16). The loss parameter decreases with increasing core loss 
factor (Figure 4.17).  
Two configurations are compared (Figures 4.18 and 4.19). In Figure 4.18 only the 
base beam is fixed at the left end. In Figure 4.198 the three layers are fixed at the left end. 
It is shown that the loss parameters are larger in the configuration 2 than configuration 1 
(Figures 4.20 and 4.21). To get more damping effect the constrained portion should be 
fixed. 
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Figure 4.15 loss parameters for Y=1, η2 = 0.1, tape length = 0.6 
 
Figure 4.16 loss parameters for Y = 3, η2 = 0.1, tape length = 0.6 
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Figure 4.17 loss parameter for Y = 1, g = 3555.6, length = 0.6 
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Figure 4.18 configuration 1 
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Figure 4.19 configuration 2 
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Figure 4.20 loss parameters for different Ys, g = 888.9 
 
 
Figure 4.21 loss parameters for different gs, Y = 3 
 57
4.2.2 Fixed-free beam 
 
A laminated fixed-free beam is analyzed as shown in Figure 4.22. The material 
properties and dimensions are listed in Table 3.1. A beam with x/L = 0.7 is analyzed and 
compared with x/L = 1.0. The results are shown in Figure 4.23. It is shown that for a 
range of shear parameter values, the loss parameter for x/L = 0.7 is larger than for x/L = 
1.0, that is, a shorter constraining layer will yield more damping than full coverage. The 
loss parameter is plotted versus x/L and the shear parameter in Figure 4.24. Figure 4.24 
shows surface plots with different geometric parameter values.  Although it is difficult to 
read precise values from this figure, two characteristics of the loss parameter can be 
noted: 
1) The optimal loss parameter occurs for an x/L less than one in each case (that is, 
maximum damping is always achieved with a partial constraining layer). 
2) The g and x/L values for the optimal loss parameter vary with Y. 
The loss parameter, in addition to being a function of the shear parameter, the 
geometric parameter, and x/L is also a function of the core loss factor.  This effect is 
shown for Y=1 and Y=20 in Figures 4.25 to 4.27. It is seen that for small values of g, the 
core loss factor has little effect on the loss parameter, but this effect increases with 
increasing g. The loss parameters are plotted versus x/L for different shear parameter 
values, for Y = 1, and core loss factor = 0.7 in Figure 4.28. The asterisks shown in the 
figure are optimal values for each shear parameter. For small values of g, a fully covered 
beam can obtain more damping. As g increases, a partially covered beam can achieve 
maximal damping.  Figure 4.29 plots the frequency parameter under the same conditions.   
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Figure 4.22 Partially Covered Laminated cantilever Beam 
 
 
 
 
Figure 4.23 Loss parameter & Frequency parameter for partially or fully covered 
beam  
 
 
 
 
 59
 
Figure 4.24 Loss Parameter Surface Plots for Y =1,5,10,20 η2 = 0.7 
 
 
Figure 4.25 Loss parameter with different η2 values for partial covered beam (x/L = 
0.6)  
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Figure 4.26 Loss parameter with different η2 values for partial covered beam (x/L = 
0.8)  
 
 
Figure 4.27 Loss parameter with different η2 values for partial covered beam (x/L = 
1.0)  
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Figure 4.28 Loss Parameter vs. x/L for Y = 1, η2 = 0.7 
 
 
 
 
 
 
Figure 4.29 Frequency Parameter vs. x/L for Y = 1, η2 = 0.7 
. 
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(Note that the value of x/L where the peak loss parameter occurs is not necessarily 
where the peak frequency parameter occurs). 
 
4.2.3 Fixed-fixed beam 
 
A laminated fixed-fixed beam is shown in Figure 4.30. Figures 4.31 and 4.32 
show the loss parameter vs. the position of the layer for different layer lengths. With a 
fixed geometry parameter, shear parameter and core loss factor, it is shown that longer 
tapes should be placed at either end of the beam. As tape length reduces, the constraining 
layer should be placed at the center symmetrically. Figures 4.33 and 4.34 show the loss 
parameter vs. the position of the layer for different shear parameter values. With fixed 
tape length it is also shown that with a small shear parameter the constraining layer 
should be placed in the center. As the shear parameter increases, the constraining layer 
should be placed at either end of the beam. With fixed geometry parameter, shear 
parameter and tape length, it is shown that with smaller loss factor the constraining layer 
should be placed in the center. As the core loss factor increases, the constraining layer 
should be placed at either end of the beam (Figure 4.35).  
Two configurations are compared (Figures 4.36 and 4.37). In Figure 4.36 only the 
base beam is fixed at the left end. In Figure 4.37 the three layers are fixed at the left end. 
It is shown that the loss parameters are larger in configuration 2 than configuration 1 
(Figures 4.38 and 4.39). To get more damping effect the constrained portion should be 
fixed. 
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4.2.4 Pinned-pinned beam 
 
A laminated fixed-fixed beam is shown in Figure 4.40. Figures 4.41 and 4.42 
show the loss parameter vs. the position of the layer for different layer lengths. Figure 
4.43 shows the loss parameter vs. the position of the layer for different shear parameter 
values. The loss parameter decreases with increasing core loss factor (Figure 4.44). from 
these figures, it is shown that the constraining layer should be placed at the center 
symmetrically. 
. 
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Figure 4.30 Partially Covered fixed-fixed Laminated Beam 
 
 
 
 
 
Figure 4.31 loss parameters for Y = 1, g =1333.3, η2 = 0.1 
 65
 
Figure 4.32 loss parameters for Y = 3, g = 888.89, η2 = 0.1 
 
Figure 4.33 loss parameters for Y = 1, η2 = 0.1, tape length = 0.6 
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Figure 4.34 loss parameters for Y = 3, η2 = 0.1, tape length = 0.7 
 
Figure 4.35 loss parameter for Y = 1, g = 3555.6, length = 0.5 
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Figure 4.36 configuration 1 
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Figure 4.37 configuration 2 
 
Figure 4.38 loss parameters for different Ys, g = 888.9 
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Figure 4.39 loss parameters for different gs, Y = 3 
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Figure 4.40 Partially Covered pinned-pinned Laminated Beam 
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Figure 4.41 loss parameters for Y = 1, g =20, η2 = 0.1 
 
 
Figure 4.42 loss parameters for Y = 3, g =10, η2 = 0.1 
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Figure 4.43 loss parameters for Y = 3, η2 = 0.1 
 
 
Figure 4.44 loss parameters for Y = 1 
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4.3 Results for Tang-Lumsdaine model for fully covered beam 
 
 
Loss parameters with different boundary conditions are shown in Figures 4.45 to 
4.49. These figures are compared to Figures 4.1 to 4.5, loss parameters decreases as shear 
parameter values are large for Mead-Markus model. The material properties and 
dimensions are shown in Tables 4.1 and 4.2. The figures show that the loss parameter 
increases as Y increases. The loss parameter increases as shear parameter increases, 
reaches a maximum, decreases, and then increases again. For shear parameter values that 
are large, the shear strain in the viscoelastic layer is negligible. The effect of strain in the 
longitudinal direction in the viscoelastic layer becomes obvious. Loss parameters are 
affected by boundary conditions. Figure 4.50 shows that the loss parameter varies with 
different core loss factor for certain range of g. As the core loss factor increases, the  
 
 
Figure 4.45 Loss parameter of fixed-free beam 
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Figure 4.46  Loss parameter of fixed-fixed beam 
 
 
Figure 4.47 loss parameter of fixed-pinned beam 
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Figure 4.48 loss parameter of free-free beam 
 
 
Figure 4.49 loss parameter of pinned-pinned beam 
 74
 
Figure 4.50 loss parameter of fixed-free beam, Y = 1 
 
shear strain in the viscoelastic layer decreases, and the loss parameter decreases 
accordingly. The same problem shown in Figure 3.1 is solved again using the Mead-
Markus model and a model where the viscoealstic layer has normal strain in the 
longitudinal direction only (no shearing), and compared with Tang-Lumsdaine model. 
The result is shown in Figure 4.51. Comparing with the finite element result, the Mead-
Markus model is valid when the shear parameter is moderate. This means the viscoealstic 
layer deforms mostly in shear strain for a small shear parameter. Normal strains in the 
length and transverse direction could be neglected. The model where the viscoelastic 
layer deforms in the longitudinal direction only is valid when the shear parameter is 
large. The shear strain and normal strain in the transverse direction in the viscoelastic 
layer could be neglected. The present theory is valid for a large range of shear parameter 
values. This meets the assumption that the beam deflection is the same for three layers, 
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i.e. the normal strain in the transverse direction could be neglected. For the shear 
parameter extremely small (< 10-2), the viscoelastic layer deforms mostly in normal strain 
in the transverse direction.  
For the same cross section and material properties of the beam, the Mead-Markus 
model predicts the same value of loss parameter for different length of the beam. In this 
work, length of the beam does affect the value of loss parameter. The effect of beam 
length is shown in the Figure 4.52. The material properties and dimensions used for this 
validation are listed in Table 3.3. It is shown that loss parameters are the same using 
Mead-Markus model for shear parameter up to 102. As the shear parameter increases, the 
results diverge. For longer beam, the loss parameter is small. This is because the shear 
strain in the viscoelastic layer of longer beam is small compared to short beam. The ratio 
of the thickness of the constraining layer to the viscoelastic layer also affects loss 
parameters. The result is shown in the Figure 4.53 with the same geometric parameter but 
different h1/h2. The solid line is for h1/h2 = 5. The dashed line is for h1/ h2 = 0.5.When the 
constraining layer is thicker than the viscoelastic layer, the loss parameter does not 
increase as shear parameter increases. The strain in the length direction is not significant. 
The constraining layer prevents normal strain in the viscoelastic layer. When the 
thickness of the viscoelastic layer is much larger than the constraining layer (h1/ h2 = 
0.125), normal strain in the transverse direction should be considered. The result is shown 
in the Figure 4.54. The difference increases in regions where the loss parameter is 
highest. 
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Figure 4.51 loss parameter of fixed-free beam 
 
 
 
 
 
Figure 4.52 Loss parameter of pinned-pinned beam 
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Figure 4.53 Loss parameter of a fixed-free beam 
 
Figure 4.54 Loss parameter of a fixed-free beam (Theory ___○___, FEM ___□___) 
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Chapter 5 Optimization 
 
5.1 Fixed-Free Beam 
 
 
Rao [34] has developed a method for determining the optimal shear parameter for 
a given Y and core loss factor (assuming full coverage of the beam) in order to maximize 
the loss parameter.  In this section, the optimal tape lengths (for given values of g and Y) 
are determined and plotted.  The loss parameters are plotted versus x/L for different shear 
parameter values, Y = 1, and core loss factor = 0.7 in Figure 5.1.  The asterisks shown in 
the figure are optimal values for each shear parameter.  Figure 5.2 plots the frequency 
parameter under the same conditions.  (Note that the value of x/L where the peak loss 
parameter occurs is not necessarily where the peak frequency parameter occurs).  In order 
to make a general curve that can be used to design an optimal tape length, the optimal 
(asterisk) values of x/L from Figure 5.1 are plotted versus the shear parameter at which 
they occur.  The results are as shown in Figure 5.3.  That is, Figure 5.3 can be used to 
determine the tape length that should be used in order to achieve maximum damping for 
given Y, and g values.  For low values of g, complete coverage yields the highest loss 
parameter, with the level of coverage decreasing as g increases in most cases (exceptions 
are noted below).  The optimal value for g is shown on each curve by an asterisk.  Since 
it is not always possible to achieve the optimal g value due to design constraints, the 
optimal tape length can be determined from this curve for a variety of g values.  
However, Figure 5.3 is only valid for a core loss factor = 0.1.  Figure 5.4 is a similar plot 
for a variety of different core loss factor values. 
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Figure 5.1 Loss Parameter vs. x/L for Y = 1, η 2 = 0.7 
 
 
 
 
 
 
 
 
 
Figure 5.2 Frequency Parameter vs. x/L for Y = 1, η 2 = 0.7 
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Figure 5.3 Optimal x/L for Different Y values η 2 = 0.1 
 
 
 
 
 
 
 
 
 
 
Figure 5.4 Optimal x/L for Different η 2 
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It can be seen for Figures 5.3 and 5.4 that, for Y = 20, the x/L value increases as 
the shear parameter increases for a certain range (as opposed to the trend seen for lower Y 
values).  This effect can be seen more clearly in Figure 5.5, where the optimal x/L 
location decreases from very low values of g (g=1.125 to g=1.575 shows a decrease in 
the figure, with an increase to g = 4.5).  Figure 5.5 shows the optimal x/L for Y = 20 
again.  One other trend is noted.  For lower values of Y the optimal x/L value decreases 
with an increasing core loss factor.  For the region in Figure 5.6 where the optimal x/L 
increases versus the shear parameter, this trend (of lower x/L for higher core loss factor) 
is also reversed. 
 
5.2 Fixed-Fixed Beam 
 
 
For different shear parameters and L1, the loss parameters can be plotted as a 
surface (Figure 5.7). The optimal value of L1 is shown in Figures 5.8 and 5.9. In region I 
(above the line) the constraining layer should be placed at the end of the beam. In region 
II (below the line) the constraining layer should be placed in the center. For Y = 1 and η2 
= 0.1, the loss parameter value are shown in Figure 5.10. It is shown that for certain shear 
parameters shorter tape length has larger loss parameter values. The different optimal 
values of g, L1 and tape length for η2 = 0.1 and different values of Y are shown in the 
Table 5.1. The different optimal values of g, L1 and tape length for Y = 3 and different 
values of η2 are shown in the Table 5.2. 
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Figure 5.5 Loss Parameter vs. x/L for Y = 20, η 2= 0.7 
 
 
 
 
 
 
 
 
 
 
 
Figure 5.6 Optimal x/L for Y = 20 
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Figure 5.7 Loss parameter for Y = 1, η2 = 0.3, tape length = 0.7 
 
 
 
Figure 5.8 the best position of L1 for different ηs, Y = 1 
 84
 
Figure 5.9 Optimal position of L1 for different Ys ( ___Y = 1, ……Y = 3, ----- Y = 5) 
 
Figure 5.10 loss parameters for Y = 1, η2 = 0.1 
 
Table 5.1 best values of g, L1and tape length, η2 = 0.1 
Y=1 Y=3   Y=5  Y=7  
g=3008.9 
L1 = 0.0 
length=1.0 
g=823.11 
L1 = 0.0 
length=1.0 
g=499.55 
L1 = 0.0 
length=1.0 
g =390 
L1=0.0  
length=1.0 
η = 0.004125 η = 0.01159 η = 0.01542 η = 0.0174 
 
Table 5.2 best values of g, L1and tape length, Y = 3 
η 2 = 0.1 η 2  = 0.4   η 2  = 0.7  η 2  = 1.0  η 2  = 1.3 
g =823.11 
L1 = 0.0 
length=1.0 
g =746.67 
L1 = 0.0 
length=1.0 
g =626.67 
L1 = 0.0 
length=1.0 
g=514.67 
L1 = 0.0 
length=1.0 
g=423.16 
L1 =0.0  
length=1.0 
η = 0.01159 η = 0.0446 η = 0.07264 η = 0.0948 η = 0.112 
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5.3 Fixed-Pinned Beam 
 
For different shear parameters and L1, the loss parameters can be shown as a 
surface (Figure 5.11). The best value of L1 is shown in Figures 5.12 and 5.13. Beyond the 
right end point of the lines, L1 becomes 0. Because from Figure 4.32 (as can also be seen 
in Figure 5.11), for low values of g, the peak loss parameter occurs when the constraining 
layer is in the center of the beam. As g increases, the constraining layer should be placed 
at the fixed end. 
 
5.4 Examples 
 
The data in Table 3.5 can be used to demonstrate a method for using the figures to 
design an optimal damping structure.  
5.4.1 Example 1 
 
Refer to Figure 5.14. The ratio of length of constraining layer to the length of base 
beam is x/L = 0.8. The thickness and property of the viscoelastic layer are to be 
determined. The thickness can be determined from Equation 2.1.13. 
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So the thickness of the viscoelastic layer is 0.11 mm. A curve is drawn horizontally to the 
curve, then a vertical line is drawn to the horizontal axis. It is roughly shown that g = 2 
should be used. G2 is determined from Equation 2.1.12. 
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5.4.2 Example 2 
 
Geometric parameter constraint Y = 1 is applied. The length and modulus of the 
constraining layer are to be determined. The modulus can be determined from Equation 
2.1.12. 
( )432232124122322124232123
1
33
1 266932
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 =  6.506e10 N/m2 
or 
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=  4.56e13 N/m2 
G2 is obtained from the equation: 2
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For E1 = 6.5606e10 N/m2 the g is obtained from Equation 2.1.12 : 
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From Figure 5.15, (x/L)optimal ≅ 0.41 
So the length of the constraining layer is Lc = 150×0.41 = 61.5 mm 
For E1 = 4.56e13 N/m2, 591.2
4
)(
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2
2
3311
2
22 ≅+=
hEhEh
hEhELhGg  
From Figure 5.15, x/L ≅ 0.74. So the length of the constraining layer is Lc = 150×0.74 = 
111 mm. From the point of view of size, Lc = 61.5 mm is chosen. When Y = 5 is chosen, 
E1 = 9.84e11 +1.41e12i N/m2or E1 = 9.84e11 –1.41e12i N/m2. The values are undefined. 
When Y = 10 is chosen, E1 = -2.04e12 N/m2 or E1 = -1.45e12 N/m2. It is impossible to 
have negative modulus. To avoid negative or complex number the geometric parameter 
constraint should be 2
31
2
)(
3
hh
cY +< . For this example, Y should be less than 4.4. 
 
Figure 5.11 loss parameter for Y = 1, η2 = 0.3, tape length = 0.7 
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Figure 5.12 the best position of L1 for different ηs , Y = 1 
 
Figure 5.13 the best position of L1 for different Ys, (○ Y = 1, □ Y = 3, ▽ Y = 5) 
 89
 
 
 
Figure 5.14 Optimal g for x/L = 0.8 η2 = 0.7 
 
 
Figure 5.15 Optimal x/L for Different g values η2 = 0.7 
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Chapter 6  Conclusions and future study 
 
 
 
The present work shows a derivation of the equations of motion and boundary 
conditions for a constrained damping layer beam for which normal strain in the 
longitudinal direction and shear strain in the viscoelastic layer is considered. The Mead-
Markus model is a special case of our model when *2E  is set to zero. This new model can 
predict loss parameters for larger shear parameter values. It also can be used to calculate 
loss parameters for small shear parameter values like Mead-Markus model does. The loss 
parameter (normalized loss factor) is shown to be a function of the shear parameter (gN), 
the geometric parameter (YN), the normalized coverage length (x/L), coefficients B1, B2, 
B3 and the core loss factor (η2). The optimal value of x/L is determined for different 
values of the other three parameters. For most cases, increasing the geometric parameter 
decreases the optimal covering length.  Thus, when the viscoelastic layer is stiffer, the 
optimal covering length should be shorter. For a fixed-fixed beam longer tapes should be 
placed from either end of the beam. As the tape length reduces, the constraining layer 
should be placed at the center symmetrically. As the shear parameter or core loss factor 
increases, the constraining layer should be placed from either end of the beam. For a 
fixed-pinned beam, the constraining layer should be placed from the fixed end of the 
beam, as shear parameter or core loss factor increases. To increase modal loss factors, the 
constraining layer should be fixed at the root. 
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The present work can be extended to multiple constraining layer damping studies. 
In this thesis the material property of the viscoelastic material is constant, the material 
property could be modified to include frequency dependency. The material of the 
constraining layer could be piezoelectric. This kind of problem is called active 
constraining layer damping (ACLD). When an electric field is applied on the 
piezoelectric material, it produces strain accordingly. On the other hand, it produces an 
electric field when it is deformed. It acts as PCLD treatment with no electric field 
applied. When electric field is applied, it produces more shear deformation in the 
viscoelastic layer as well as active control to counter the vibration. The transverse normal 
strain in the viscoelastic layer could be included for further study. This work examines 
coverage effect for first mode. It can be extended to examine coverage effect on higher 
modes. 
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